ON QUASICONFORMAL HARMONIC MAPS BETWEEN SURFACES 
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Abstract. It is proved the following theorem, if is a quasiconformal har- 
monic mappings between two Riemann surfaces with smooth boundary and ap- 
proximate analytic metrics, then u; is a quasi-isometry with respect to internal 
metrics. If the surfaces are subsets of Euclidean spaces, then w is quasi-isometry 
with respect to Euclidean metrics. 
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1. Introduction and notation 

By U we denote the unit disk, and by is denoted its boundary. 

Let (M, a) and (A^, p) be Riemann surfaces with metrics a and p, respectively. 
We say that a mapping w between Riemann surfaces (M, a) and {N, p) is a quasi- 
isometry, if there exist constants > and Q > 0, such that 

qda{zi,Z2) < dp{w{zi),w{z2)) < Qdaizi,Z2),zi,Z2 e M, 

where 

dg{zi,Z2)= inf / Q{z)\dz\ Qe{a,p}. 

If / : (M, a) {N, p) is a C^, then / is said to be harmonic with respect to p 
(abbreviated p-harmonic) if 



(1-1) /.^ + (iogp'Lo//,/, = o, 

where z and w are the local parameters on M and N respectively. 
Also / satisfies (11.11 ) if and only if its H. Hopf differential 

(1-2) = p2 o ffj; 

is a holomorphic quadratic differential on M. 
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For g : M N the energy integral is defined by 
(1.3) E[g,p]= [ p^of{\dg\^ + \dg\^)dV^, 

JM 

where dg, and dg are the partial derivatives taken with respect to the metrics q and 
a, and dVa is the volume element on (M, a). Assume that energy integral of / is 
bounded. Then / is harmonic if and only if / is a critical point of the corresponding 
functional where the homotopy class of / is the range of this functional. 

If a is the Euclid metric and w is harmonic mapping defined on a simply con- 
nected domain then w = g + h, where g and h are analytic in Q,. If w is an 
orientation preserving homeomorphism, then by Lewy theorem ( ||l9ll ). J-wiz) := 
Ig'l"^ — > 0. This infer that the analytic mapping a = ^ is bounded by 1 
in Q. Moreover, if w is a Euclidean harmonic mapping of the unit disk U onto 
convex Jordan domain Q, mapping the boundary dU onto 90 homeomorphically, 
then w is a diffeomorphism. This is an old theorem of Rado, Knesser and Cho- 
quet (1 17 1). This theorem has been extended in various directions. The first one 
is due to Shoen an Yau f4l\. They showed that, if / is a harmonic map between 
two compact Riemannian manifolds of negative curvature and / is a homotopy 
equivalence, then / is a diffeomorphism. Then this result has been extended by 
lost ([7]) as follows. Let M and be suitably smooth Riemannian manifolds, 
M simply connected with boundary dM G C^'"^ and with interior J7, N without 
boundary. Let ip : dM — > be a continuous mapping. Consider the Dirichlet 
problem of finding a harmonic map ip: M ^ N with the given boundary values: 
ip\dM = ip. Suppose that ip{dM) is contained in a geodesic ball Bm{p) with: (i) 
radius M < 7r/(2^ k) where /t > is an upper bound for the sectional curvatures 
of Bm{p)', (ii) the cut locus of the center p disjoint from Bm{p)- Jost proved that 
if M and N are two-dimensional and ip : dM ^ is a homeomorphism onto a 
sufficiently smooth convex curve, the above solution (/9 is a homeomorphism in N 
and diffeomorphism in Q.. 

This theorem has been extended to the solutions of quasilinear degenerate ellip- 
tic equations of the type of the p-Laplacian, Alessandrini and Sigalotti ([1]). 

In private conversation I was told that O. Martio gave the first counterexample 
of extension of Rado's theorem to higher dimensions (i25|). Let us also quote 
the recent interesting counterexamples by Melas [26] and by Laugesen [21] to the 
extension of Rados theorem to higher dimensions. 

Let < /c < 1 and let K = An orientation preserving diffeomorphism 
w between two Riemann mappings is called a K— quasiconformal (abbreviated 
q.c.) if 1^ < k (in local coordinates). See [2J for the definition of arbitrary quasi- 
conformal mapping between plane domains, or Riemannian surfaces. In this paper 
we deal with q.c. p harmonic mappings. See ll24l for the pioneering work on this 
topic and see 1 30l for related earlier results. In some recent papers, have been done 
a lot of work on this class of mappings ( lfT6l - jSl . ll37l . 136] ). In these papers is 
established the Lipschitz and the co-Lipschitz character of q.c. harmonic mappings 
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between plane domains with certain boundary conditions. The most important re- 
sults of these papers is that, Euclidean harmonic q.c. mappings between plane 
domains with smooth boundary are Euclidean quasi-isometries (and consequently 
hyperbolic quasi-isometries). Notice that, in general, quasi-symmetric selfmap- 
pings of the unit circle do not provide quasiconformal harmonic extension to the 
unit disk. In ll24l is given an example of diffeomorphism of the unit circle onto 
itself, whose Euclid harmonic extension is not Lipschitz. 

In contrast to Euclidean metric, in the case of hyperbolic metric, if / : 5^ 5^ 
is diffeomorphism, or more general if / : 5"^^ i-^ 5™^^ is a mapping with 
a non-vanishing energy, then its hyperbolic harmonic extension is up to the 
boundary (|22|) and (|23|). On the other hand Wan (|39|) showed that q.c. hy- 
perbolic harmonic mapping between smooth domains need be also hyperbolic 
quasi-isometries (but in general they are not Euclidean quasi-isometries, neither 
its boundary values need not be absolutely continuous). In connection with that 
Schoen conjectured that, every quasi-symmetric selfmapping of the unit circle, 
provides a hyperbolic-harmonic q.c. self-mapping extension of the unit disk. 

We are interested on those p-harmonic, whose metric is approximately analytic. 
This means that 

l(logpXl = ^<M 

where M is a constant. Under this condition, if for example the domain of p is the 
unit disk, there hold the double inequality 

(1.4) P(0)e'^^ < p{w) < /9(0)e^^ 



Such metrics are called approximately analytic BTI . The spherical metric 

2 



p{w) 



1 + l-wP 

is approximately analytic, but the hyperbolic metric 

2 



Xiw) 



1 — |wp 

is not. Let us mention the following important fact, dl.ll ) is equivalent to the 
following equation, which can be directly extend to the dimensions bigger than 2: 



2 

(1.5) Au'+ n,{u)D^u^Dpu', i = 1,2 {f = {u\u^)) 

a,f3,k,e=l 

where r*^^ are Christoffel Symbols of the metric p (or of a metric tensor {gj^ )): 

pi 1 Jm ( dgmk , dgme dgkA 1 im/ „ N 

^^~2^ [~d^ ^ ~daF ~ 'd^ )~2p ^""^-^ ~ 

and the matrix {g^^ ) is an inverse of the metric tensor ). 
It can be easy seen that, since ( 11.51 ) and dl.ll ) are equivalent, a metric p is ap- 
proximate analytic if and only if Christoffel Symbols are bounded. 
Let P be the Poisson kernel, i.e. the function 
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and let G be the Green function of the unit disk, i.e. the function 

1 — zw 



(1.6) G{z,w) = ^log 



z,w z ^ w. 



z — w 

Let / : 5^ ^ C be a bounded integrable function on the unit circle and let 
g : U ^ Che, continuous. The solution of the equation Aw = g (in weak sense) 
in the unit disk satisfying the boundary condition w\gi = f ^ L^{S^) is given by 

w{z) = P[f]{z) - G[g]{z) 

^^■^^ ■■=^ r Piz, e^nfie'nd^ - [ Giz, u;)g{u;) dm{u;), 

\z\ < 1, where dm{uj) denotes the Lebesgue measure in the plane. It is well 
known that if / and g are continuous in and in U respectively, then the mapping 
w = P[f] — G[g\ has a continuous extension w to the boundary, and w = f on S"^. 
See (p. pp. 118-120]. 

In this paper we will prove that, if (M, a) and {N, p) are Riemann surfaces with 
approximate analytic metrics a and p and w : M ^ is a q.c. harmonic, then w 
is a quasi-isometry. 

2. Preliminaries 

The following important lemma lies behind our main result. 

Proposition 2.1 (The Carleman-Hartman-Wintner lemma). ll27l Let Lp G C^{D) 
be a real-valued function satisfying the differential inequality 

|A(^| <C(|Vv.| + |(^|) 

i.e., 

^^ = -W, |H^(z)| < C(|V(^| + 1(^1) 

(z G D\ in the weak sense. Suppose that D contains the origin. Assume that 
(p{z) = o{\z\'^) as \z\ for some n G Nq. Then 

exists. 

The following proposition is a consequence of Carleman-Hartman-Wintner lemma. 

Proposition 2.2. 1431 Proposition 7.4.3.] Let {wk{z)} be a sequence of functions 
of class C^{D) satisfying the differential inequality 

(2.1) \Awk\<Ci\Vwk\ + \wk\) 
where C is independent of k. Assume that 

(2.2) Wkiz) Vwo{z), Vwk{z) woiz), 
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uniformly in D (k ^ oo). Assume in addition 

(2.3) 'Wo{z) = o{\z\) as \z\ 0, 
and that 

(2.4) Vwk{z) / Q for all k and z & D. 
Then wq{z) = 0. 

Proposition 2.3. | |12| Let wbea quasiconformal dijfeomorphism from a bounded 
plane domain D with C^'" boundary onto a bounded plane domain Q. with C^'"^ 
boundary. If there exist constants a and b such that 

(2.5) \Aw\ <a\\/w\'^ + b, z £ D, 

then w has bounded partial derivatives in D. In particular it is a Lipschitz mapping 
in D. 

Example 2.4. f9l Let w(z) = \z\'^z, with q > 1. Then w is twice differentiable 
(1 + a)— quasiconformal self-mapping of the unit disk. Moreover 

NT 

Aw = a(2 + a)^^ = g. 

Thus g = Aw is continuous and bounded by a{2 + a). However w~^ is not 
Lipschitz, because l{\/w){0) = \wz{0)\ — \wz{0)\ = 0. This means that the 
inequality (13.11) in the main theorem cannot be replaced by (12.51 ). 

3. Main theorem 

Theorem 3.1. If w is a quasiconformal mapping of the unit disk onto itself satis- 
fying the condition 

(3.1) \Aw\ < BilVwl"^ + \w\) 
then, w is bi-Lipschitz.. 

Lemma 3.2. Ifw, w{0) = 0, satisfies the conditions of Theorem \3.I\ then there 
exists a constant C (K) such that 

(3.2) Vf'L ^C{K) zeU. 
Proof. Take 

QC(U, B,K) = {w -.V : w{0) = 0, \Aw\ < B\Vw\'^,w is K.q.c.}. 

Then QC(U, B, K) is a normal family. 

Let us choose A such that the function tpu, u € QC(U, B, K)} defined by 

is subharmonic in q := < \z\ < 1. 
Take 

u 

S = -. — r, t = \u\. 

\u\ 
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As u = sp is K quasiconformal selfmapping of the unit disk with u{0) = 0, by 
Mori's theorem ( BOl ) it satisfies the doubly inequality: 

7 K 



(3.3) 



41-1/^ 

By (13.31 ) for Q <\z\ <1 where 



<p<4i-i/^|^|i/^. 



(3.4) Q := A-^ 



we have 

(3.5) P > Po := 4 

Now we choose A such that 



l-K'^-K 



Take 



+ 4 - 4i?K2 > 0. 



Then 

(3.6) A99„(z) =x"(p)|V|n||2 + x'(p)A|n|. 
Furthermore 

(3.7) Alii] = 2|Vs|2 + 2(An,s) . 
Then 

A99„(z) > 0, < |z| < 1. 

Define 

7(z) = sup{vp„(z) : n G QC(U,5,/C)}. 

Prove that 7 is subharmonic for 4"^ < |z| < 1. In order to do so, we will 
first prove that 7 is continuous. For z, z' G U and u G QC(U, K), according to 
Mori's theorem (see e.g. |T|), we have 

< \u{z)-u{z')\ < 16\\z-zf/^. 

Therefore 

|7(z) -7(z')| < Mz-z'\^/^. 
This means in particular that 7 is continuous. It follows that 7, is subharmonic as 
the supremum of subharmonic functions (see e.g. f3T, Theorem 1.6.2]). 

If \zi\ = \z2\ then 7(2:1) = 7(-22). In order to prove the last statement we do as 
follows. For every e > there exists some u G QC{U, B, K) such that 

^u{z2) < 7(^2) = ^uiz2) + £• 

Now ui(z) = u{^z) is in the class QC(U, B, K). Therefore 

fu^ {zi) < 7(2:1) = ^u{zi) + e. 
As e is arbitrary and as ui{zi) = u{z2) it follows 7(^1) = 7(^2)- 



ON QUASICONFORMAL HARMONIC MAPS BETWEEN SURFACES 7 

This yields that 



7(z)=5(r) = -i + ie^(^«-i), 



and as A7 > we have 



(3.8) g"{r) + ^ > 0. 

r 

From (13.31) 



5(4-^) <-^ + ^e^(^"^'"-^^< = 5(1), 

it follows that 7 is nonconstant. Since 7 is subharmonic non-constant function, it 
follows that that g'{r) > 0. From (13.81 ) we obtain 

(log(<7'(r) • r))' > 

and therefore g'{r) • r is increasing, which means in particular that, 

g'il) > 0. 

Notice that, the last inequality is also a consequence of E. Hopf boundary point 
lemma, see e.g. [5 1. 
Therefore, 

_1 I }_eMW{z)\-i) < _1 . leA(Mr)-i) 
A A ~ A A 

i.e. 



where 



It follows that 



u{z) < h{r),\z\ =r,ue QC{V,B,K), 
h{r) < 1 and h'{l) > 0. 

< C{K). 



1- |u(z)|2 



□ 



Lemma 3.3. Let Zn be arbitrary sequence of complex numbers from the unit disk. 
Assume that w satisfies the conditions of Theorem \3.1\ Let pn and g„ be Mobius 
transformations, of the unit disk onto itself such that, p{w{zn)) = and g(0) = Zn- 
Take Wn = Vn{w{qn{z))). 

Then, up to some subsequence, which be also denoted by {wn) we have 

a) 

,^ , Ci{K) 



1 - \z\ 
b) 

\AWn\ < jz 7-ry 

(1 - \z\y 
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c) 



(l-l^l 



Proof. For example 



(3.9) p„H- 



1 — Ww{Zn) 



and 



(3.10) qn{z) ' + 



1 + ZZn 



It is evident that 



Wn{z) =PnOUoqn 

is a K—(\.c. of the unit disk onto itself. By lH for example, a subsequence of Wn, 
also denoted by Wn, converges uniformly to a K-quasiconformal wq on the closed 
unit disk onto itself. 
Firs of all 

(3.11) {Wn)z=p'nWqq'n 

and 

(3.12) {Wn)z = P'n^qq'n- 

Using now 



we derive 



Wzz + 2(9 log O It) WzWz = 0, 

{Wn)zz = {{Pn OWO qn)-,)z 

= {p'nWqq'n)-z = P"n^ qf^n'^ q<in ^ P^ qMn 

= kn I ^ + kn P 

Pn 2d\ogQ \ 
Pn Pn J ^ 



Therefore 



(3.13) \{wn)z-z\ < {K\+2\p'J\dlogQ\) 



"WqWWql 



and 



(3.14) ^ \WnzWnz = ^- 

\ Pn Pn J 
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Now we have 
(3.15) |g; 



\ -\z |2 
1 1 + ZZ^I 2 ' 

1 - \u{Zn)\'^ 



(3.16) \p'J = 

|1 - u{qn{z))u{ZnW 

and 

(3.17) |KI=^'"'"^""^''M^. 

|1 - u{qn{z))u{Zn)\^ 

From dXTTT l- (I3T7] ) and we obtain 

(3.18) < and < 
and 

(3.19) k^P (Kl +2KPlogg|) < ( (i^^|l!(l°)|2)2 
Combining ([S^ll, (ITT31) and (I3l9l ) we obtain 

Let us estimate the sequence 

Q _ Pn . 2d\ogg 



Pn Pn 



Firs of all 



Hence 



Pn _ 2w(Zn)(l - Wniz)w{Zn)) 
P'n'~ l-\HZnW 



Pn I _ 2|w(z^)||l - 



2mz„)||(t^(^)-u;(zJ)u;(z„)| 



To continue observe that 



(3.21) \w{^±^) - w{zrr)\ < \Vw\ J'l[\ I""'' < \Vw\J-^ 



l + ZZn \l + ZnZ\ 1 

Thus, by using (13.21 ) 
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7^1 ^ 2 + I ,^2 1_|w.„^|2 ^ 2 + C(i^)|V«;U- 



(1_ 1^1)2 l_m^„)|2 - ' V V, l°o^^_|^|^2, 



I.e. 



(3.22) | KMgn(.))) |^^^^(^)|^^, 2 



And similarly, as 



1 _ (1 - w(gn(2))w^(2„))' 



we get, according to ( 13.211 ) and ( 13.21) . that 



(3-23) I— — ^— — -I < 2 + C7(i^)|Vu;' ^ 



It follows that 

2 



|5'„(z)| <4 + C(i^)(l + 2aiog^)|Vu;|, 



Hence the sequence Wn satisfies the differential inequality 
(3.24) |Ati;„| < {i + CiK) (^1 + 2d\og Q\Vw\oo-^^-^^^^)\dwndwn\ 



□ 



Proof of Theorem 1X71 Without loss of generality we can assume that w{{)) = 0. 
Assume that, there exists a sequence of points z„ such that lim„^oo Vn(z„) = 

0. 

The idea is to employ Proposition 12.21 We have to prove that, up to same subse- 
quence Wn converges in metric to the mapping wq. The last fact together with 
the relations 

1 - Iz 12 
1 - \w{Zn) 

and (according to (13.21) ) 



l-\Zn? 



<C{K) 



l-\w{Zn)? 

will imply that Vwq{{)) = 0. This will infer that wq = Q which is a contradiction, 
because wq is q.c. harmonic. 

Take Vn{z) = Wn{2z/3), z e U. 

From (13.201 ) it follows that gn = At;„ is bounded. By ( 13.181 ) Vn is uniformly 
bounded. It follows that 

Vn{z) = Hn{z) + Gn{z) = P[fn]{z) - G[gn]{z) 

(3.25) 1 r^^ ^ . r 

27r ./n ./n 
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\z\ < 1, where dm{uj) denotes the Lebesgue measure in the plane. Here Hn is a 
harmonic function taking the some boundary as Vn in S^. 

We will prove that, up to same sequence Vvn converges to Vvq. 

As Vvn is uniformly bounded (see [9|) and iVG^j < ^\gn\ ^ M it follows the 
family of harmonic maps VHn is bounded. Therefore 

(3.26) \V^Hn\ < C^^^"'"" 



1 

First of all for z / a; we have 

Gz{z,uj) = — 



Air — z \ — zlo 
Att (z — uj){zu! — 1) ' 

and 

1 (i-M^) 



Gz{z,u;) 



Att {z — U!){ZUJ — 1) 
Using this theorem we can prove that the family of the functions 

Fn{z,z') = dG[gn]{2z) - dG[gn]{2z') 

is uniformly continuous on U x U. For, l^f^l^^^j ^ 

\dG[gn]{2z) - dG[gn]{2z')\ 

1 f: l-lwP 



< <^{z, z') := M— / I- - — -I dm{io). 

Att Ju' {z - uj){zuj - 1) {z' - uj){z'lo - 1) 

We will prove that z') is is continuous on U x U and use the fact that 

<^{z,z) = 0. 
In other world we will prove that 
(3.27) lim (z„, z'J = {z, z') lim $(z„, z'J = $(z, z'). 

n— >oo n^oo 

In order to do so, we use the Vitali theorem (see ||28l Theorem 26.C]): 

Let X be a measure space with finite measure fi, and let hn '■ X ^ C be a 

sequence of functions that is uniformly integrable, i.e. such that for every e > 

there exists 5 > 0, independent ofn, satisfying 



E 



^{E) <5 ^ I \hn\ dfi < e. (f) 
Now: if lim^^oo hn{x) = h{x) a.e., then 



n^oo 

In particular, if 



lim I hndfi= hdfi. (f) 



sup / \hn\^ dfj. < oo, forsomep>l, 
n Jx 
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then (f ) and (|) hold. 

We will use the Vitali theorem to the family 



l-\oj? l-|a;P 



{zn - u;){znu; - 1) (z^ - uj){z'nUJ - 1) ■ 
To prove ( I3.27I ). it suffices to prove that 

f f l-l^l' l-l^l' y . / ^ 

M := sup / [- ■ — ^ + -r-, \ — n =rT dm{uj) < oo, 

Z,Z'£VJV VP - '^l • |1 - ^^1 F -Uj\-\1- Z'UJ\ ) 

forp = 3/2. 
Let 

ly{z) := / ^ — — dm{uj). 

Ju \ \z - uj\ ■ \1 - ZU)\) 

For a fixed z, we introduce the change of variables 

z — UJ 



\ — ZLO 

or, what is the same 



1 - zi 

Therefore 

[ ( 1 I P \ ^ 

-^p(^) = / ( 1 nr — ~\ ) ^"^(^) 

./n V U - w • 1 - / 



(i-NV-'(i-kP)'_,„,^) 



4 



"1 /'27r 

<(l_|^|2)i/2 / p-y\i-p^f/^dp \l-zpe'^\-U^ 







JO 



< (1 - \z\^Yr^ I - pyr^ii - \z\p)-' dp. 

'0 

From the elementary inequality 

p-l/2(l _ ^2)3/2(^ _ |^|^)-3 < _ |^|2)-l/2 

it follows that 

sup/p(z) < oo 

zeu 

Finely, by Holder inequality 

M < 2P-^ sup {Ip{z) + Ip{z')) < oo. 

This means that is uniformly continuous on UxU. Using the fact that ^{z, z) 
0, it follows that, for e > there exists 5 > such that 

\z-z'\<5^ \dG[gn]{2z) - dG[gn]{2z')\ < <^>{z, z') < e. 
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Therefore, by Arzela-Ascoli theorem, there exists a subsequence which be also 
denoted by Wn converging to wq in metric on the disk = {z : \z\ < 1/2}: 

lim Wn{z) = wo{z) and lim \7wn{z) = Vwo{z) z G -U. 

n^oo n.^oo 2 

On the other hand, using the fact that |V?i;| is bounded, it follows that for |2;| < 
2/3 

|Aw„| < \VWn\, 
1 — \z\ 

For |z| < 1/2, it follows that 

\AWn\ < C}(\VWn\- 

Therefore all the conditions of the Proposition 12.21 are satisfied with D = {z : 
\z\ < 1/2}. Thus 

and this is a contradiction. 

□ 



4. Applications 

Corollary 4.1. If Zn is any sequence of the unit disk, and w a p harmonic q.c. 
selfmapping of the unit disk, then there exist a subsequence of Wn = Pn ° w o 
converging to po harmonic mapping wq. 

Proof Without loss of generality assume that z„ — > 1. 
Firs of all 



WnzWnz = \p' l"^ W gW gQ (z)'^ . 

On the other hand, since w is p harmonic it follows that 

^wiqniz)) = P^{w{qn{z)))WqJBqJ^{zf 

is analytic. Thus Wn is Pn harmonic for 

2/ N P^{w{(ln{z))) 

> KKgn(^)))P(l-knP)2- 

This means that the Hopf differential 

"^rXz) = pl{z)WnzW;^z 

of Wn is analytic. According to Proposition 12.31 
(4.1) l*„(.)l < 

Therefore by Montel's theorem, up to some subsequence it converges to some an- 
alytic function ^'o on the unit disk. 

On the other hand, up to some subsequence (see the proof of Theorem 13. II ) 
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converges to 
It follows that 

From (11131) 



Wo^WOz- 



2 ^0(2) 



Pn Poi^) 

WOzWo 



which means that the quantity 

^ = Biz) 

WQzWOz 

where B{z) is finite for 2; G U. 

po (and subsequently "fo) is not identical to zero because, according to (13.2 



This means that p is a metric on the unit disk. 

From this it follows that wq is po harmonic quasiconformal mapping of the unit 
disk. □ 

Remark 4.2. It is not known by the author if the wq it is quasi-isometry with 
respect to Euclidean metric. This problem is open even though for p being a Eu- 
clidean metric. Also it is an interesting question if two sequences Zn and z'^ con- 
verges to the some boundary point zq, do they induce the same harmonic mapping. 

Corollary 4.3. Let w be a harmonic mapping between a surfaces (Mi, cji) and 
(M2, (J2) with compact boundary, such that ai and (T2 are approximate analytic 
metric. Then the following conditions are equivalent 

a) w is a quasiconformal; 

b) w is a quasi-isometry; 

c) w is a quasi-isometry with respect to Euclidean metric. 

Proof, (i) If Ml and M2 are compact surfaces without boundary, the theorem is 
well-known, since every harmonic homeomorphism is a diffeomorphism and con- 
sequently quasi-isometry (bi-Lipschitz). 

(ii) If Ml and M2 are conformaly equivalent to the unit disk, then for i = 1,2 
there exists a conformal mapping hi : V ^ Mi, i = 1,2. Take w' = h^^ owoh2 is 
a harmonic quasiconformal mapping of the unit disk onto itself with approximate 
analytic metrics. 

Since ui and a2 are approximate analytic, and boundary is smooth, surfaces Mi 
and M2 are quasiconvex. Then, by (11.41 ). there exist Pi > 0, P2 > such that 

Pi^^\zi - Z2I < da^{zi,Z2) < Pi\zi - Z2\,Zl,Z2 G Mi. 
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Thus internal distance which is induced by the metric crj in Mj and Euclidean 
metric are bi-Lipschitz equivalent, i = 1,2. Therefore b) <^ c). 

The rest of the proof, follows from the fact that |V?i;| is bounded bellow and 
above by positive constants. 

By Theorems 13 . 1 1 and 12.31 and the fact that w is K q.c: 

L(w){z) = sup \Vw{z)h\ < Ci{K) 
\h\=i 

and 

< C2{K) < l{w){z) = inf \Vw{z)h\. 

\h\=l 

Therefore 

C2{K) < \df{z)\ < Ci{K). 

As 

dp{f{zi)J{z2)) := inf / p{uj)\duj\, 

it follows that 

d,{f{z,)J{z2)):= inf / p{f{z))\df{z)\ 
<M inf / \dz\ 

= M\zi - Z2\. 

Similarly we get 

1/M\z,-Z2\<dp{f{zi)j{z2)). 

Since every Euclidean quasi-isometry is quasiconformal, according to the previous 
fact we obtain a) <^ b). 

(iii) The case that the genus of M is bigger than can be done, passing from 
the local, with respect to the boundary to the global estimates. Namely for every 
boundary point t G dM, there exists a neighborhood, M{t) which is conformally 
equivalent to the unit disk. The same hold for its image w{M{t)). Therefore there 
exists Ct{K) such that 

l/Ct{K) < l{w){z) < L{w){z) < Ct{K),z£ MliK) C Mt{K) 

where dM{ (K) contains t inside. Using the fact dM is compact it follows that 
there exist positive Co (K) such that 

l/Co{K) < l{w){z) < L{w){z) < Co{K),ze Mo{K) 

where Mq {K) is a neighborhood of the boundary dM. This finishes the proof. 

□ 

Remark 4.4. In |[39l Theorem 13] is proved that, a A harmonic self-mapping of 
the unit disk is q.c. if and only if the function 
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is bounded. Moreover, concerning the hyperbolic metric, Wan showed that if u is 
a k-q.c. X harmonic, then it is a quasi-isometry of the unit disk. See also HI. 

The previous method gives a short proof of the theorem, that a q.c. harmonic 
mapping of the hyperbolic disk onto itself is a quasi-isometry (one direction of 
Wan theorem). 

To do so, denote by e{w) the hyperbolic energy of a q.c. harmonic mapping of 
the unit disk onto itself: 

/\ 1^1) /I i2 I i2\ 

Assume there exists sequences Zn such that e{u){zn) oo, or e{u){zn) 0. 
Take ti„ = pn{u{qn{z))), pn and qn Mobius transformations of the unit disk onto 
itself Pn{u{zn)) = and qn{0) = Zn. Then, n„(0) = and up to same subse- 
quence, Un —>■ uq where uq is quasiconformal and harmonic. By ||4TI Vtio(O) 7^ 0. 

But here we have 

2|Vtio|2(0) = lim 2|Vn„(0)|| 

n— >oo 

- ^1-1^"!')' {\w,{Zn)\^ + \w,{Zn)\^) 



{l-\wiZnWr 

lim e{u)(zn) = 00 



or 



2|Vtio|i(0) = lim 2|Vn„(0)|^ 



n— >oo 



{\w,{Zn)\^ + \w,{Zn)\') 



(l-|u;(z„)|2)2 
lim e{u){zn) = 0. 



This is a contradiction. 
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